ABSTRACT. In this paper, we present Shelah's theory of excellence concluding with his categoricity theorem for the class of atomic models of a countable first order theory, under the assumption that there exists a large full model. This allows us to do the entire work within ZFC and without any assumption on the number of models of size ℵ1, in contrast to Shelah's original treatment.
INTRODUCTION
The problem of categoricity has had a major influence on the development of model theory. A class is categorical in some cardinal λ if all the models of the class of size λ are isomorphic; the problem of categoricity is whether categoricity in some cardinals implies categoricity in others. In the first order case, Morley's solution to Łos conjecture [Mo] , and Shelah's generalisation to uncountable languages [Sh 70] constitute the beginning of classification theory culminating in Shelah's Main Gap [Sh a], while Baldwin-Lachlan's solution [BaLa] laid the ground for geometric stability theory.
Categoricity for classes which are not first order is a considerably more complicated problem. It is a very active area with many partial results (see [Ke] , [Sh 3], [KoSh] , [MaSh] [Sh 705 ] to name but a few). Shelah views it as the most important problem in model theory and lists it first in [Sh 666]. He conjectures that, if the class K of models of a sentence in L ω 1 ,ω is categorical in some large enough cardinal, then it must be categorical in all large enough cardinals.
Historically, excellence arose after this conjecture was verified under the assumption that the class K contains sufficiently homogeneous models [Ke] , [Sh 3 ]. This marked the beginning of classification for homogeneous model theory, as this context is now known. We have good notions of stability [Sh 3], [Sh 54], [GrLe] , [Hy] , superstability [HySh] , [HyLe1] , ω-stability and total transcendence [Le1] , and even simplicity [BuLe] . On the other hand, we have a Baldwin-Lachlan style theorem [Le1] , as well as the beginning of geometric model theory [HLS] . At the time of [Ke] , Keisler asked whether the existence of sufficiently homogeneous models actually followed from categoricity. Shelah answered negatively using an example of Markus [Ma] , and introduced the theory of excellence. To do this, he first reduced the categoricity problem for the class of models of a sentence in L ω 1 ,ω to the categoricity of the class of atomic models of a countable first order theory [Sh 54 ]. This reduction is an important step (see Baldwin's paper in this volume for more details on it); it shows that proving the categoricity conjecture for L ω 1 ,ω is equivalent to proving it for the apparently simpler context of the class of atomic models of a countable first order theory. Then, in [Sh 87a], [Sh 87b], Shelah showed:
Theorem -1.1. Assume 2 ℵ n < 2 ℵ n+1 for each n < ω. Let K be the class of atomic models of a countable first order theory and assume further that K has fewer than 2 ℵ 1 nonisomorphic models of size ℵ 1 .
(1) If K is categorical in each ℵ n , for n < ω, then K is excellent.
(2) If K is excellent and categorical in some uncountable cardinal, then K is categorical in all uncountable cardinals.
Modulo some additional properties, (1) thus shows that categoricity implies excellence, while (2) is the parallel to Morley's theorem for excellent classes. Above, (1) has the flavour of a nonstructure result and (2) belongs to structure theory.
In this paper, we focus on the structure part. We present a proof of (2), under the assumption that there exists a large full model (see below for more details). The existence of full models follows from excellence, and, for uncountable models, we can give an equivalent definition which makes sense for any class of atomic models. The reason for using a full model is that it allows us to present the entire treatment within ZFC and to remove the assumption on the number of uncountable models; for example, we obtain all the properties of independence directly from ω-stability.
Solving the categoricity problem for excellent classes marked the beginning of classification theory in this context; Grossberg and Hart developed orthogonality calculus, introduced regular types, and proved the Main Gap for excellent classes [GrHa] (see the related article by Grossberg and Lessmann in this volume). We can also prove a Baldwin-Lachlan theorem, emphasising the role of quasiminimal types, and introduce a U-rank for types over models and obtain a picture very similar to the first order case [Le3] . Finally, quasiminimal types can be used to generalise Hrushovski's result [Hr] to the context of excellent classes [HLS] , starting geometric stability theory proper. Excellence is the precursor to Shelah's work on good frames for the categoricity problem for abstract elementary classes [Sh 705 ].
Excellence appears naturally in several mathematical contexts. For example, it is the main dividing line when studying almost free algebras [MeSh] and it is also the key property in Zilber's work on complex exponentiation [Zi1] and [Zi2] .
Let us now say a few words about fullness. Understanding which types are realised in the models of a class is a difficult problem as soon as the compactness theorem fails. For example, fix a homogeneous model M of a first order theory T . There is no criterion to understand which types are realised inside M , except for complete types. We have weak compactness: A complete (first order) type p ∈ S(A), with A ⊆ M and |A| < M , is realised in M if and only if p B is realised in M for each finite subset B of M . In full models, we have a similar condition but for complete types over models (at least when the full model is uncountable). An uncountable model M of a countable first order theory T is full, if M realises every complete (first order) type p ∈ S(N ), where N ≺ M and N < M , provided that p B is realised in M for each finite B ⊆ N . This gives us a way of dealing with complete types over models.
In this paper, we consider the class K of atomic models of a countable first order theory. We will assume that there is a sufficiently large model C ∈ K which is full; we do not assume that every (small) model of K is in C (this will be proved in the paper). We use C twice in the course of the paper. The first time is to show that the categoricity of K in some uncountable cardinal implies that the class is ω-stable, which means here that C realises only countably many types over countable elementary submodels. The ω-stability implies that K admits a bounded rank, which is then used to define an independence relation. We use C a second time to prove the symmetry of the independence relation. Provided we restrict our attention to types over models, we prove that the independence relation satisfies all the properties of nonforking: symmetry, extension, transitivity, stationarity. This allows us to define independent systems of models and excellence; i.e. K is excellent if there exists a primary model over any n-dimensional independent system of countable models. We then prove some of the basic results of excellence, namely the existence of primary models over other sets. Finally, we present Shelah's categoricity theorem. At the end of the paper, we discuss Shelah's original approach and compare it with this presentation. This paper grew out of lecture notes for a class on excellence that I gave at Oxford University in 2002 during the Michaelmas term. It assumes only basic model theory, say, up to Morley's theorem. For expositional purposes, a particular case of the general result is proved on two occasions, when the main idea is obscured by the additional technicality. We also streamline the text with comparisons to the relevant theorems of homogeneous model theory to illustrate both the differences and the limitations of the theorems, but familiarity with homogeneous model theory is not essential.
TYPES AND ω-STABILITY
Fix a complete first order theory T in a countable language L. In this paper, we consider the class K of atomic models of T , i.e. M ∈ K if and only if M |= T and for any finite sequence c ∈ M , there exists a formula φ(x) ∈ L such that φ(x) tp(c/∅, M ).
As usual, we work in a large sufficiently saturated modelM of T -which is not in K. Satisfaction is defined with respect toM . All sets and models are assumed to be insideM -so K is the class of atomic elementary submodels ofM . We use uppercase letters A, B, C for sets, M , N for models, and lowercase letters a, b, c for finite sequences. We write AB for the union of A and B and Ac for the union of A with the range of the sequence c.
We first make a few observations about the class K. The next remark shows that (K, ≺), where M ≺ N if M is an elementary submodel of N , is an abstract elementary class (see Grossberg and Lessmann's paper in this volume for a definition). The proofs are left to the reader.
Remark 0.1. Let K be the class of atomic models of the countable theory T .
(1) (
is an increasing and continuous elementary chain of models such that
Recall that M is λ-homogeneous if for any elementary f : M → M of size less than λ and a ∈ M there exists g : M → M extending f such that a ∈ dom(g). We say that M is homogeneous if M is M -homogeneous.
Remark 0.2.
(1) Each model of K is ω-homogeneous, and therefore embeds elementarily any countable atomic set.
(2) There is a unique countable model in K.
We now consider the problem of types. As usual, we denote by S(A) the set of complete L-types over A in finitely many variables. In the first order case, all types are realisable by models of a theory; this is an important consequence of the compactness theorem. In our context, the situation is a little more delicate; if A ⊆ M ∈ K and if p ∈ S(A) is realised in M by, say, c, then A∪c is an atomic set. This gives us a necessary condition for which types are realisable in the models of our class. We make the following definition: Definition 0.3. We let S at (A) be the set of types p ∈ S(A) such that for all c |= p, the set Ac is atomic.
When A is not atomic, S at (A) is clearly empty. Also, if Ac is atomic for some c |= p, then Ad is atomic for any d |= p. Furthermore, if (A i : i < α) is an increasing and continuous sequence of atomic sets, and (p i : i < α) is an increasing and continuous sequence of types, with
However, given a (partial) type p over an atomic set A (indeed, even for a complete type p ∈ S at (B), where B is a subset of A), there may not exist q ∈ S at (A) extending p. This may fail also for countable A.
Another problem is that, in general, there may be A ⊆ M ∈ K and p ∈ S at (A) not realised in any N ∈ K. This only occurs for uncountable A, though: If c ∈M realises p ∈ S at (A), then Ac is atomic by definition. If A is countable, then Ac embeds elementarily inside the countable model M 0 of K. This embedding extends inM to an elementary map whose range contains M 0 . The image of M 0 under the inverse of this map produces an atomic model containing Ac. It follows that, for countable A, the set S at (A) corresponds exactly to the set of types over A realised by models in K.
The fact that, for A uncountable, some types in S at (A) will be omitted is unavoidable unless there exists an (|A| + ℵ 0 )-homogeneous model in K of size at least |A| + ℵ 0 . But, as Shelah showed, there are uncountably categorical atomic classes K not containing any uncountable ω 1 -homogeneous model. So, outside of homogeneous model theory, types over general sets are intractable. In this paper, we will deal essentially with types over models. We make the following hypothesis throughout the text.
Hypothesis 0.4. There exists a model C ∈ K of size at leastκ, for some suitably large cardinalκ, with the property that if p ∈ S at (M ) and M ≺ C of size less than κ, then p is realised in C.
In this paper, 'suitably large' means thatκ is assumed to be at least the categoricity cardinal, and at least the Hanf number for atomic classes (= ω 1 ). This latter condition ensures, in particular, that K has arbitrarily large models. We will see in subsequent sections that C is full. The existence of full models follows from excellence; by introducing them early, we can present the entire theory within ZFC in a very smooth way. The existence of full models does not imply the existence of homogeneous models. Notice also that we do not assume that all (small) models of K embed in C (this will follow from excellence); for now, it is enough that all countable models of K embed into C, which is a consequence of ω-homogeneity.
We now consider ω-stability. There are several possible notions for ω-stability which we discuss below; some are equivalent, some are not.
Proposition 0.6. The following conditions are equivalent:
(2) C realises only countably many types over countable subsets. (2) is clear. To see that (2) implies (1), suppose that S at (M ) is uncountable for some countable M ∈ K. By ω-homogeneity, we may assume that M ≺ C, and thus C is not ω-stable since it realises each type in S at (M ). For (1) implies (3), if M ∈ K realises uncountably many types over a countable subset, then it realises uncountably many types over a countable submodel M 0 ≺ N . Thus S at (M 0 ) is uncountable, contradicting (1).
K can be ω-stable while T is unstable: Consider the countable theory in the language {N, +, 0, 1}, where T has PA on the predicate N and asserts that the complement of N is infinite. T is unstable since it has the strict order property. However, the class K of atomic models of T has arbitrarily large homogeneous models (hence satisfies our hypothesis 0.4), and is ω-stable.
Without additional assumptions, the ω-stability of K does not even imply that S at (A) is countable for each countable atomic A: although each type p ∈ S at (A) is realisable inside a model, there may be no model realising jointly all types in S at (A). If we had an uncountable ω 1 -homogeneous model, we could do this (or amalgamation over sets, which is the same); it turns out to be equivalent, as is shown in the following fact [Le2] . The existence of countable sets A with S at (A) uncountable is a core difference with the categoricity problem in the homogeneous case. It is the basic motivation behind excellence and will be revisited in Section 2.
Fact 0.7 (Lessmann) . Suppose that S at (A) is countable for each countable atomic set A. If K has an uncountable model, then K has arbitrarily large homogeneous models, Throughout this paper, we will make occasional use of the following fact, often referred to as Morley's methods. 
It follows that the reduct to L of the Skolem Hull of (b i : i < ω) is a model of K.
Recall that K is λ-categorical for a cardinal λ if all models of K of size λ are isomorphic. K is always ℵ 0 -categorical. We now connect categoricity with ω-stability.
Proof. Suppose that K is not ω-stable. Then C realises uncountably many types over a countable subset. By the Downward-Löwenheim theorem, we can find M ≺ C of size λ realising uncountably many types over a countable subset. On the other hand, since K has arbitrarily large models, we can use Fact 0.8 to find an infinite L * -indiscernible sequence (b i : i < ω) inside some N ∈ K. By compactness, we can extend (b i : i < ω) to a dense linearly ordered L * -indiscernible sequence I of size λ. By construction, the Skolem Hull of I also omits all the nonisolated types of T (a counterexample would otherwise provide one in N ), and hence its reduct is a model in K. It is easy to see that this reduct is ω-stable of size λ, which contradicts λ-categoricity.
Shelah's example to answer Keisler's question negatively shows that uncountable categoricity does not necessarily imply that S at (A) is countable for all countable atomic A.
RANK AND INDEPENDENCE
From now on, until the rest of the paper, we assume that K is ω-stable. In this section, we introduce a rank. The rank is bounded in the ω-stable case, and equality of ranks provides an independence relation which we show to be wellbehaved over models of K. (
(a) There is a ∈ M and a formula ψ(x, y) such that
We write:
For any set of formulas
Note that the condition R[p] ≥ 0 does not imply that p is realised in a model of K.
We first write down a few properties of the rank. They are all basic and can be proved easily by induction or directly. (7) follows from (6) and (1) using the countability of the language L.
Lemma 1.2.
(
) If p is finite and φ is obtained by taking the conjunction of all the formulas
In view of (2), we will drop the subscript M . We now show that ω-stability implies that the rank is bounded (the converse is Proposition 1.6). The idea of the proof is essentially like the first order case: we construct of binary tree of formulas, whose branches give us continuum many types. There is one difference: to contradict ω-stability, we need the types to be in S at (M ) for some countable M ∈ K. To achieve this, we simply choose isolating formulas along the way, and force the parameters to enumerate a model.
Theorem 1.3. R[p] < ∞ for every type p.
Proof. We prove the contrapositive. Suppose there is a type p over some atomic model M such that R[p] = ∞. We may assume that p = {φ(x, b)} is a formula and also that M is countable by the previous lemma. Let {a i : i < ω} be an enumeration of M .
We construct formulas φ η (x, b η ), for η ∈ <ω 2, such that:
This is possible: The construction is by induction on (η).
. By (*) and the definition of the rank ((3)(b)), there are φ ηˆ (x, b ηˆ ) isolating a complete type over b ηˆ for = 0, 1, such that
Then φ ηˆ (x, b ηˆ ) are as required, for = 0, 1. This is enough: For each η ∈ ω 2, define p η := n∈ω p ηn . Notice that each p η determines a complete type over M with the property that M c η is atomic for any realisation c η of p η . Hence, each p η ∈ S at (M ), so S at (M ) has size continuum, which contradicts the ω-stability of K.
Recall that p ∈ S at (A) splits over B ⊆ A if there exist c, d ∈ A realising the same type over B and φ(x, y) such that φ(x, c) ∈ p and ¬φ(x, d) ∈ p.
The next proposition examines the connection between the rank and nonsplitting. It also shows that we may have at most one same rank extension over a model. 
of the rank is satisfied. It is easy to see that (b) of the rank is satisfied the same way as the previous paragraph
The proposition shows that if p ∈ S at (M ) then p does not split over a finite set. This is not true for p ∈ S at (A) in general.
. By the previous proposition, p does not split over b. Let q be the following set of formulas
Since p does not split over b, this is well-defined. Similarly, this determines a type q ∈ S at (C). It is easy to check that q does not split over b and has the same rank as p.
, 2 be the previous proposition. Then q 1 = q 2 since both do not split over b.
We now prove the converse to Theorem 1.3. Together, they form a particular case of the stability spectrum theorem; ω-stability implies λ-stability for all λ.
Since p is the only extension of φ(x, b) with the same rank, the number of types in S at (M ) is at most the number of formulas over M , which is M .
In general, a type may fail to have an extension to a larger set, so in particular, it may fail to have a same rank extension. This is why we consider stationary types.
Clearly, complete types over models are stationary. The previous proposition does not assert that the nonsplitting extension is actually realised in a model (it is, if we work inside C). It only says that when p ∈ S at (A) is stationary and C is atomic containing A, there is a unique extension in S at (C) of the same rank. We will denote this extension by p C.
We now introduce fullness, a substitute for saturation. Full is called weakly full in [Sh 87a].
with B ⊆ M finite, and for all C ⊆ M of size less than λ, M realises p ABC. We say that M is λ-full if M is λ-full over each subset of size less than λ. Finally, we say that
We have the following easy proposition, which is left to the reader. It shows that C isκ-full: Proposition 1.9. Let M ∈ K be uncountable. The following are equivalent;
We are going to prove Symmetry over models. For this, we will use the order property which was introduced by Shelah in [Sh 12]. Definition 1.10. We say that K has the order property if there exist a model
In the definition above, it is equivalent to ask for arbitrarily long orders (use Morley's methods). It is a familiar theorem in the first order case that the order property contradicts stability. It holds at this level of generality also -but it is necessary to have arbitrarily long orders. We present the following particular case suitable for our purposes. We can now prove the symmetry property of the rank.
Proposition 1.12. (Symmetry) Let a, c and M ∈ K be such that M ac is atomic. Then R[tp(a/M c)] = R[tp(a/M )] if and only if R[tp(c/M a)] = R[tp(c/M )].
Proof. Notice that by Finite Character and Monotonicity, we may assume that M is countable, and so by ω-homogeneity of C, we may assume that a, c and M are inside C. Suppose the conclusion of the proposition fails; we will contradict the ω-stability of K by showing that it has the order property. We can choose a formula ψ(x, y) over M such that
Define (a i , c i :
This is possible since both tp(a/M ) and tp(c/M ) are stationary and thus the realisations a i and c i in (1) and (2) of the unique nonsplitting extensions of these types exist by fullness of C.
This implies the order property: We can now define a natural independence relation using the rank: For A, B, C such that A ∪ B ∪ C is atomic, we write
We will say that A is free from C over B if A B C. We now gather the properties we have established for this dependence relation. The reader used to the first order case may wonder whether (6) and (8) hold with sets instead of models. The answer is no in general. In the sequel, we will use these properties extensively; on occasions, we will simply say 'by independence calculus' when establishing the independence of certain sets from others by using a sequence of these properties.
GOOD SETS, PRIMARY, AND FULL MODELS
Recall that K is ω-stable. In order to define excellence, we will also need primary models.
Definition 2.1. We say that M ∈ K is primary over A, if M = A ∪ {a i : i < α}, and for each i < α the type tp(a i /A ∪ {a j : j < i}) is isolated.
The sequence (a i : i < α) is referred to as a construction of M over A. It is a standard fact that if M ∈ K is primary over A then for each c ∈ M , the type tp(c/A) is isolated. If M is primary over A, then it is easy to see that it is prime over A. Recall that a model M ∈ K is prime over A, if for each N ∈ K containing A, there is an elementary map f : M → N which is the identity on A.
The main tool for producing primary models over countable sets is the following corollary to Henkin's omitting type theorem:
Fact 2.2. Let T be a countable theory. Assume that for each consistent formula φ(x) there exists a complete type over the empty set containing φ(x) which is isolated. Then there exists a countable atomic model of T .
This leads to the next definition, important mostly for countable sets.
Definition 2.3. An atomic set A is good if for each φ(x, a) with a ∈ A and |= ∃xφ(x, a), there is a complete type p ∈ S at (A) containing φ(x, a) which is isolated.
The next lemma is the motivation behind the definition of good sets.
Lemma 2.4. Let A be countable and atomic. If A is good, then there is a primary model over A.
Proof. Form the theory T A by expanding T with countably many constants for the elements of A. The assumptions of the previous fact are satisfied for T A since A is good, so there exists a countable atomic model M (A) for T A . It is easy to see that the reduct of M (A) to the original language is a primary model over A.
We will find several equivalent properties for good sets in a few more lemmas culminating in Corollary 2.8.
Lemma 2.5. Let A be a countable atomic set. If S at (A) is countable, then A is good.

Proof. Suppose A is not good: Then there exists φ(x, a) with a ∈ A and |= ∃xφ(x, a), but no isolated extension of φ(x, a) exists in S at (A). Thus, for each ψ(x, b) with b ∈ A with |= ∀x(ψ(x, b) → φ(x, a)), there is b ∈ A such that ψ(x, b) has at least two extensions in S at (abb ).
We will use this to contradict the countability of S at (A), in a similar way to the proof of boundedness of the rank.
isolates a complete type over b η , b η contains a i if (η) > i, and ψ ηˆ0 (x, b ηˆ0 ) and ψ ηˆ1 (x, b ηˆ1 ) are contradictory. This is possible and implies that S at (A) has size continuum.
Lemma 2.6. If M ∈ K is countable and M c is atomic, then M c is good.
Proof. For each tp(d/M c) ∈ S at (M c), consider tp(dc/M ) ∈ S at (M ). It is easy to see that this induces an injection from
We now consider the dual notion to prime models. We say that N is universal over A, if A ⊆ N , and for M ∈ K with A ⊆ M and M = N , there exists an elementary map f : M → N which is the identity on A.
Lemma 2.7. If M ∈ K is countable, then there exists a countable universal model
Proof. Let (M n : n < ω) be an increasing sequence of countable models such that M 0 = M and M n+1 realises all types in S at (M n ). We could do this at once using C, but C is not necessary here: Let {p i : i < ω} be an enumeration of S at (M n ). Let a 0 realise p 0 (which exists since M i is countable) and let M 0 be primary over M n a 0 , which exists by the three previous lemmas. Since p 1 is stationary, there exists a unique free extension q 1 over M 0 . Let a 1 realise q 1 . Let M 1 be primary over M 0 a 1 . Continue like this inductively. Let M n+1 = i<ω M i .
Let N = n<ω M n . We claim that N is universal over M . Let M ∈ K be countable such that M ≺ M . Write M = {a i : i < ω}. We construct an increasing sequence of elementary maps
which is the identity on M for i < ω. This is enough as i<ω f i is an elementary map sending M into N , which is the identity on M .
Let us now construct the f i s. For i = 0, let b 0 realise tp(a 0 /M ) ∈ S at (M ) which exists in N by construction, and let f 0 be the partial elementary map from M a 0 which is the identity on M and sends a 0 to b 0 . Having constructed f i , let M * be a primary model over M ∪ {a 0 , . . . , a i } which exists, since M ∪ {a 0 , . . . , a i } is good. There exists k < ω such that a 0 , . . . , a i ∈ M k . By definition, we can extend Proof. We showed (1) implies (2) and (4) 
Unless we are in the homogeneous case, there are countable atomic sets A such that S at (A) is uncountable, so some sets are good and others are not. The next remark follows by counting types.
Remark 2.9. Let A be countable and good. Let c realise p ∈ S at (A). Then Ac is good.
We pointed out in a previous section that a type p ∈ S at (A) may fail to have an extension in S at (M ) where M contains A; this only happens when A is not good. In fact, it follows easily from the next lemma and ω-stability of K that a countable set A is good if and only if each type in S at (A) extends to a type over M for any M containing A. We finish this section with the problem of existence and uniqueness of countable full models over countable sets.
Proposition 2.11. Let A be countable and atomic. Then there exists a countable M ∈ K which is full over A.
Proof. Let M 0 be any countable model containing A. Let M n+1 be countable realising each type in S at (M n ). Let N = n<ω M n . Then N ∈ K is countable and contains A. We claim that N is full over A. Let p ∈ S at (Ac) be the unique free extension of a stationary type in S at (c). There is n < ω such that c ∈ M n , so Ac ⊆ M n . There is a unique free extension of p in S at (M n ), and this extension is realised in M n+1 , hence in N .
For uniqueness, A needs to be good.
Proposition 2.12. Suppose that A is good and countable. Suppose that M and N ∈ K are countable and full over A. Then M is isomorphic to N over A.
Proof. Let M = A ∪ {a i : i < ω} and N = A ∪ {b i : i < ω}. We construct an increasing and continuous sequence of partial elementary maps 
INDEPENDENT SYSTEMS, EXCELLENCE, AND CATEGORICITY THEOREM
To motivate the definition of excellence, let us consider the problem of existence and uniqueness of uncountable full models. For full models of size ℵ 1 over a countable (good) set, it is still manageable. For existence: simply iterate ω 1 -times the construction of Proposition 2.11 (or, under our assumption, to consider an appropriate submodel of C). However, to prove the existence or uniqueness of uncountable full models over larger sets (for example over a model of size ℵ 1 ), or to prove the existence and uniqueness of full models of size at least ℵ 2 is more problematic. The key ingredient in both proofs is the existence of a primary model over M a, where M ∈ K countable and M a is atomic. We have not proved this for M ∈ K uncountable. Here is a possible strategy to prove this for M of size, say, ℵ 1 :
There exists a primary model N 0 over M 0 a, since M 0 a is good. Suppose N 0 ∪ M 1 is atomic and good. Then we could find N 1 primary over N 0 ∪ M 1 . Inductively, if N i ∪ M i+1 is atomic and good for each i < ω 1 , then we could continue this process, and by taking unions at limit, obtain an increasing and continuous chain of models (N i : i < ω 1 ) such that N i+1 is primary over N i ∪ M i+1 . The hope is then that, by pasting together the constructions, one could show that i<ω 1 N i is primary over M a. To help us carry out this construction, we will use independence. First choose M 0 countable such that, in addition, a is free from M over M 0 ; this, we will see, ensures that the primary model N 0 is free from M over M 0 and N 0 ∪ M is atomic. Inductively, assume that N i is free from M over M i and
is good, we can find N i+1 primary over N i ∪ M i+1 such that, in addition, N i+1 is free from M over N i+1 and N i+1 ∪ M is atomic. Taking unions at limit allows us to construct N = i<ω 1 N i (provided N i ∪ M i+1 is good at each stage), and now, it is easy to see that N is primary over M a. Thus, the problem of finding a primary model over M a is reduced to finding primary models over countable sets of the form M 1 ∪ M 2 , where M 1 is free from M 2 over M 0 , and M 1 ∪ M 2 is atomic. The gain is that the models involved are countable; the cost is that we have to consider 2-dimensional (independent) systems: N i+1 completes a square whose vertices are M i , M i+1 , and N i and edges given by the relation ≺. Now consider M a, with M ∈ K with M a atomic, but this time with M of size ℵ 2 . Using the same idea leads us to ask about the existence of primary models over the atomic set
and M has size ℵ 1 for = 0, 1, 2, i.e. an independent 2-dimensional system of models of size ℵ 1 . We can repeat the same procedure to analyse this 2-dimensional system. Write a resolution (M i : i < ω 1 ) of countable models for each M , = 0, 1, 2. We can try to construct the primary model over M 1 ∪ M 2 as the union of an increasing and continuous chain of models
To carry this out, we need to ensure that the countable sets
∪ N i are atomic and good at each stage i < ω 1 ; here again independence will play an important part. In all, the gain is that the models are now countable, but the cost is that we have to consider 3-dimensional systems: N i+1 completes the cube whose 7 other vertices are
2 , and M i+1 0 , again edges are given by ≺. We formalise these ideas next.
We consider the following partial order P − (n) := P(n) \ n with respect to inclusion. We write s ⊂ t, if s is a strict subset of t, so P − (n) = {s : s ⊂ n}, where n = {0, 1, . . . , n − 1}. Then, P − (0) is empty, P − (1) is a point, P − (2) is a square without one of its vertices, P − (3) is a cube without one its vertices, and so forth.
Definition 3.1. An independent (λ, n)-system is a collection of models
We will omit the parameters when they are either obvious or not important.
The next definition is not formally made in [Sh 87b]. Also, in [Sh 87b], (λ, n)-existence refers to a different property. Definition 3.2. We say that K has (λ, n)-existence if there exists a primary model
Thus, in this paper, (ℵ 0 , n)-existence is equivalent to the requirement that s⊂n M s is good for any independent (ℵ 0 , n)-system. The next definition is the main definition of this paper.
We will now show how the existence of primary models over some (countable) sets implies the existence of primary models over other sets. If we had primary models over all countable atomic sets, then we would have them over all atomic sets [Le2] . In our case, the situation is a bit more delicate. We now prove a lemma, which we refer to as dominance. (as M is a model).
We now formalise the proof discussed at the beginning of this section with two theorems. The first shows that the existence of primary models over sets of the form M a does indeed follow from the existence of primary models over independent 2-dimensional systems of models of smaller size. 
Now construct an increasing and continuous sequence of models
For i = 0, a primary model N 0 over M 0 a exists, since M 0 is countable (and so M 0 a is good). By independence calculus, we may assume that M ∪ N 0 is atomic and
M by dominance. At limits, take the union and notice that the independence and atomicity follows by finite character of these notions.
Let N = i<λ N i . Then, by pasting the constructions together and using independence, it is not difficult to see that N is primary over M a.
The next theorem states that the same principle extends to larger dimensions.
Theorem 3.7. Let λ be an infinite cardinal and n < ω. Suppose that K has (µ, n) and (µ, n + 1)-existence, for each µ < λ. Then K has (λ, n)-existence.
This is possible: For i = 0, we use (ℵ 0 , 2)-existence (atomicity is obtained by extension). At successor stage i, we use (|i| + ℵ 0 , 3)-existence after checking that
i+1 , N i : = 0, 1, 2) forms an independent (|i| + ℵ 0 , 3)-system (use independence calculus and dominance, just as the previous theorem). At limit stages, we define N i by continuity (again, atomicity is preserved and so is independence).
This is enough, as i<λ N i is primary over M 1 ∪ M 2 (pasting the constructions and using independence).
We now show two theorems showing that excellence implies the existence of primary models also over uncountable sets (this can be further extended to other systems of models [GrHa] ). Proof. We prove this by induction on λ for all n < ω. For λ = ℵ 0 , this is the definition of excellence. Assume now that λ > ℵ 0 , and that (µ, n)-existence holds for each µ < λ and for all n < ω. Then (λ, n)-existence follows from Theorem 3.7.
We can finally prove: Theorem 3.9. Suppose that K is excellent. Then for any M ∈ K and a such that M a is atomic, there exists a primary model over M a.
Proof. By Theorems 3.6 and 3.8.
The previous theorem was the key idea behind extending the proof of the existence of full models to higher cardinalities. Before doing this, we prove a lemma. In general, indiscernible sequences in an excellent class cannot be extended; however those obtained as above can. This gives us a way of extracting an extensible indiscernible sequence from any uncountable set (see the proof of categoricity for more details). We can now construct full models directly. The next theorem is much stronger than our Hypothesis 0.4. There we assumed the existence of some suitably large full model; here we show that every model extends to a full model. Proof. Let M ∈ K be given and let λ ≥ M . We construct an increasing and continuous sequence of models
and M i+1 realises all types in S at (M i ). This is done as in the countable case using excellence: Having constructed M i of size at most λ, by ω-stability, S at (M i ) = {p j : j < λ} (since K is λ-stable by Proposition 1.6). Construct an increasing and continuous sequence of models M j , such that M j+i is primary over M j a j , and a j realises the unique free extension of p j over M j . This is possible by stationarity of each p j and the fact that a primary model exists over each set of the form M a, where a realises a type in S at (M ).
Let M = i<λ M i . We claim that M is full. Let p ∈ S(C) with C ⊆ M of size less than λ, be stationary. Let c ∈ C, such that p does not split over c. Without loss of generality, we may assume that c ∈ M 0 . Let I = {a i : i < λ} be such that a i ∈ M i+1 realises p M i . The a i s exist by construction. Now, if a i = a j for i < j, then p is realised by a i . Otherwise, I has size λ. By the previous fact, I is an indiscernible sequence and there exists J ⊆ I of size less than λ, such 
extending f i which is the identity on M i+1 0 .
The next theorem now follows by induction on λ for all n < ω, using Lemma 3.14 and Proposition 3.15 just like in the proof of Theorem 3.8. At this point, it may be helpful to examine our Hypothesis again. We have now shown that C functions as a monster model; by uniqueness of full models the class of (small) models of K corresponds exactly to the class of (small) elementary submodels of C. Notice, however, that, in Section 1 and 2, we have only used its ω-homogeneity.
We can now present Shelah's proof of categoricity (for a Baldwin-Lachlan style proof, see [Le3] ). The strategy is as follows: There exists a full model in every cardinality, so the model in the categoricity cardinal is full. Any two full models of the same size are isomorphic, so if categoricity fails in some cardinal, there exists a non full model in that cardinality, which we use to construct a non full model in the categoricity cardinal, a contradiction.
Theorem 3.18. Let K be excellent. Suppose that K is λ-categorical for some uncountable λ. Then K is µ-categorical for all uncountable µ.
Proof. We proved that there is a unique full model up to isomorphism in each cardinal (Theorem 3.11 and Corollary 3.16).
Assume, for a contradiction, that µ is the first uncountable cardinal such that K is not µ-categorical. Thus, there exists M ∈ K of size µ which is not full. Then, there is a stationary p ∈ S at (c) for a finite c ∈ M , and A ⊆ M of size κ less than µ, such that the unique free extension q ∈ S at (A) extending p is not realised in M .
Construct an increasing and continuous sequence of models We have therefore a type r ∈ S at (b) and (a i : i < κ + ) such that tp(a i /M i ) extends r and does not split over b. In particular, (a i : i < κ + ) is an indiscernible sequence.
We can now construct an increasing chain of countable models (N n : n < ω) such that bc ∈ N 0 , N n ≺ M n , a n ∈ N n+1 \ N n realises the nonsplitting extension of r in S at (N n ). We can further choose N n so N n does not realise the type q * = q A ∩ N 0 .
We will construct a model N λ of size λ (the categoricity cardinal) which omits q * . Since q * is the unique free extension of the stationary type p, and so N λ is not full, contradicting categoricity in λ.
In order to do this, we continue (N n : n < ω) to obtain an increasing and continuous sequence (N i : i < λ) of models such that a i ∈ N i+1 realises the unique nonsplitting extension of r in S at (N i ) and N i+1 is primary over N i a i , for i ≥ ω. This is possible by excellence, as there is a primary model over N i a i . Let N λ = i<λ N i . Then N λ has size λ and is constructible over N ω ∪ {a i : i < λ}.
Suppose d ∈ N λ realises q * . The type tp(d/N ∪ {a i : i < λ}) |= q * , and is isolated over a ∪ a i 1 . . . a im , with a ∈ N n and n + 1 < i 1 < . . . i m < λ. By indiscernibility of (a i : n ≤ i < λ) over N n , we may assume that i 1 < · · · < i m < ω. Hence, q * is realised in N n+1 , a contradiction. A good notion of independence, defined using ω-stability, is the main prerequisite before formalising excellence. In [Sh 48], Shelah obtains ω-stability from the set-theoretic assumption that V = L and the model-theoretic assumption that K is categorical in ℵ 1 . He does this by proving the amalgamation property over countable models. In [Sh 87a], he weakens the set-theoretic assumption to 2 ℵ 0 < 2 ℵ 1 , and the model-theoretic assumption to having fewer than 2 ℵ 1 nonisomorphic models of size ℵ 1 in K. Our hypothesis on the existence of C is the substitute for amalgamation over countable models; it allows us to obtain ω-stability from uncountable categoricity, within ZFC, using Ehrenfeucht-Mostowski models.
In establishing that the rank induces a good independence relation, in particular for symmetry, Shelah [Sh 48] uses a many models argument to construct 2 ℵ 1 nonisomorphic models of size ℵ 1 from the ω 1 -order property (which follows from the failure of symmetry without any extra assumption). Here, we use C to extend the construction from the ω 1 -order property to the bona fide order property, and we use it to contradict ω-stability. Once these two ingredients are established, the structure part stays within ZFC and uses no further model-theoretic assumption.
For the theory of excellence per se, the reader noticed that we proved only the case n = 2 of Theorem 3.7 (this is the only hole, as we pointed out, Proposition 3.15 is for illustrative purposes only and is not needed in proving the uniqueness of full models). To prove this for general n, Shelah uses the reflection principle to give a uniform method to obtain a resolution of (< λ, n + 1)-independent systems whose union is any given (λ, n)-independent system. Checking that all the requirements are satisfied is then done by induction, using, among other things, the generalised symmetry lemma. This lemma states that in order to check that a system of models is independent, it is enough to check that it is independent with respect to some enumeration (preserving the order ⊂). It is a generalisation of the idea that to check the independence of a sequence over a set, it is enough to check that each new element in the sequence is independent from the previous elements over the set.
In this paper, we did not address how excellence is obtained from, say, categoricity. In [Sh 87b], Shelah shows that (ℵ 0 , n+1)-existence for n ≤ k follows from the assumptions that K is categorical in ℵ n and for each 1 ≤ n ≤ k (assuming that the 2 ℵ n 's form a strictly increasing sequence). This is done by defining a strong negation of the (ℵ 0 , n)-uniqueness property implying the failure of categoricity in ℵ n+1 . Hart and Shelah also showed that (ℵ 0 , n)-existence does not imply (ℵ 0 , n + 1)-existence, and that categoricity may fail at ℵ k+1 , while holding for ℵ n , n ≤ k.
